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Q^, Abstract 



In this paper we consider a well-known generalization of the Barabasi and Albert 
preferential attachment model - the Buckley-Osthus model. Buckley and Osthus proved 
that in this model the degree sequence has a power law distribution. As a natural (and 
arguably more interesting) next step, we study the second degrees of vertices. Roughly 
speaking, the second degree of a vertex is the number of vertices at distance two from this 
vertex. The distribution of second degrees is of interest because it is a good approximation 
of PageRank, where the importance of a vertex is measured by taking into account the 
popularity of its neighbors. 

We prove that the second degrees also obey a power law. More precisely, we estimate 

the expectation of the number of vertices with the second degree greater than or equal to 

■ k and prove the concentration of this random variable around its expectation using the 

ly-s [ now-famous Talagrand's concentration inequality over product spaces. As far as we know 

this is the only application of Talagrand's inequality to random web graphs, where the 

j^ ■ (preferential attachment) edges are not defined over a product distribution, making the 

• , application nontrivial, and requiring certain novelty. 

o 
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^ 1 Introduction 

In this paper we consider some properties of random graphs. The standard random graph 
model G{n, m) was introduced by Erdos and Renyi in [12]. In this model we randomly choose 
one graph from all graphs with n vertices and m edges. The similar model G{n, p) was suggested 
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by Gilbert in |14| : we have an n- vertex set and we join each pair of vertices independently with 
probability < p < 1. Many papers deal with the classical models. Fundamental results about 
these models can be found in [5], [13], [T6] . 

Recently there has been an increasing interest in modeling complex real-world networks. It 
is well understood that real structures differ from standard random graphs. Many models of 
real- world networks and main results can be found in [6]. For example, a basic characteristic 
of random graphs is their degree sequence. In many real-world structures the degree sequence 
obeys a power law distribution. However, standard random graph models do not have this 
property. 

In 1999, Barabasi and Albert [3] suggested the so-called preferential attachment model that 
has a desired degree distribution. Later Bollobas and Riordan [7J gave a more precise definition 
of this model. In this model the probability that a new vertex is connected to some previous 
vertex v is proportional to the degree of v. Bollobas and Riordan also proved that the degree 
sequence has a power law distribution with exponent equal to —3. 

Naturally one would not expect that this constant will suit all (or even most) of the real 
networks. In order to make the model more flexible, two groups of authors (see jlOj and |11] ) 
proposed to add one more parameter — an "initial attractiveness" of a node which is a positive 
constant that does not depend on the degree. In |^, Buckley and Osthus gave an explicit 
construction of that model. 

Many papers deal with different variations of preferential attachment. We mention here 
the paper by Rudas, Toth and Valko (see |18]). The authors consider quite a generic model 
of a random tree and prove some interesting results concerning a neighborhood structure of a 
random vertex. Also one can find a neighborhood analysis in preferential attachment models 
in the preprint [4J on the weak graph limit. 

This paper deals with the Buckley-Osthus model, which we now describe. Let n be a 
number of vertices in our graph, m G N and a G M+ be fixed parameters. 

We begin with the case m = 1. We inductively construct a random graph H^-^. The graph 
H^ I consists of one vertex and one loop (we can also start with H^^i, which is the empty graph). 
Assume that we have already constructed the graph H^~i. At the next step we add one vertex 
t and one edge between vertices t and i, where i is chosen randomly with 



I °-^ -. - if 1 ^ S ^ t - 1 



P{i = S)= { (a+l)t-l 

Here dj^t (s) is the degree of the vertex s in if* j^. We will also use the notation d{s) := d^jn (s). 

To construct H^^ with m > 1 we start from if™". Then we identify the vertices 1, . . . , m 
to form the first vertex; we identify the vertices m + 1, . . . , 2m to form the second vertex, etc. 
As for the edges, if the edge e connects vertices im + k and jm + 1,1 ^ k,l ^ m, in the graph 
HJ^i then we draw an edge e' between vertices i + 1 and j -|- 1 in H^m- Note that we have 
a one-to-one correspondence between the edges of H^^ and H^^, so there may be multiple 
edges (and multiple loops) between vertices in H^^. Denote by Sj"^.^ the probability space of 
constructed graphs. 

In [9] Buckley and Osthus proved that the degree sequence of H^m has a power law with 
exponent —2 — a if a is a natural number. Recently Grechnikov substantially improved this 
result. 



Theorem 1. (Grechnikov, [15J) Let a G M+. If d = d{n) ^ m and ip{n) — )■ cxd as n ^ oo, then 

B((i — m + ma, a + 2)n 



R{d,n) — 



B(ma, a + 1] 



^ (Vd-^-'^n + d"^) ?/'(n) 



m^/i probability tending to 1 as n ^ oo. Here R{d,n) is the number of vertices in H^m with 
degree equal to d and B(x, y) is the beta function. 

In this paper we consider the so-caUed second degrees of vertices. Roughly speaking, the 
second degree of a vertex is the number of vertices at distance two from the vertex. We prove 
that the number of vertices Yn{k) with the second degree at least k decreases as k~°-, where a is 
the initial attractiveness. This means that the distribution of second degrees obeys power law. 
To prove this we calculate the expectation of Yn{k) and show the concentration of this random 
variable around its expectation using Talagrand's inequality. The application of this inequality 
is nontrivial, in particular, we have to redefine the probability space of the Buckley-Osthus 
graph so that we obtain a product probability space with a product measure. After that we 
use Talagrand's inequality in its general asymmetric form, which is essential. Verifying the 
hypothesis of Talagrand's theorem for the present purpose turns out to be delicate, requiring 
us to introduce additional combinatorial constructions. 

This paper is organized as follows. In Section [2] we give the main definitions and formulate 
the results. In Sections [3] and H] we prove the theorems stated in Section [2l 

2 Definitions and results 

2.1 Definitions 

In this paper we study the random graph H^i- We shall write ij G H^i if H'^i contains 
the edge ij; we shall write t G H^i if t is a vertex of H^i- Given a vertex t G H^i, the second 
degree of the vertex t is 

d2{t) = #{^J : I ^ t,j ^t,ite Hl„tj G HI,}. 

In other words, the second degree of t is the number of edges adjacent to the neighbors of t 
except for the edges adjacent to the vertex t. We say that a vertex t is a k-vertex if d2{t) ^ k. 
Let M^{d) be the expectation of the number of vertices with degree d in H^,: 



M'M = ^ {Mt ^ Ki-- dH:,{t) = d}) . 



Let Yn{k) denote the number of fc-vertices in Hl^,. 

In this paper we study second degrees of vertices in H^i- The main results are stated in 
Theorems [2] and |5l 

We also consider the variable Xn{k) equal to the number of vertices with second degree k 
in HI,. Note that F„(A;) = Ei^fc^n(«). 



2.2 Expectation 

Theorem 2. For any k > 1 we have 



Ey;(^ = (^i±iE(!^„ f 1 + o fi'-f*'') + o ^*"° 



r(a + l)A;'' V \ k J \ n 

The easy consequence of Theorem |2] is 

Corollary 1. We have EYnik) = Q {§^) for k = O (n^Y 

Using the same technique as in proof of Theorem |2] we can prove the following 
Theorem 3. For any k ^ 1 we have 



r(a)A;«+i V \ k J \ n 

Again, as a consequence we get 

Corollary 2. We have EX„(A;) = (^) for k = O (n^) . 

We need the following definition. Let Nn{l, k) be the number of vertices in H^^ with degree 
/, with second degree k, and without loops: 

Nr.il, k) = #{t G Hl^ : dit) = /, d^it) = k,tti HI,}. 

To prove Theorem [2] we need the following auxiliary theorem. 

Theorem 4. In H^i we have 

ENrril, k) = c{l, k) in + ^(n, /, fc)), 

where \6{n, l,k)\ < C{1 + k)^^*^ . The constants c{l, k) are defined as follows: 

c(/,0) = c(0,A;) = 0, 

s. a + k — 1 ,, ^ a + k — 1 

To prove these theorems we shall use two lemmas. In [15] Grechnikov obtained the following 
result. 

Lemma 1. Let k^ 1 be natural; then 

^^= B(a,all) +"'"■'')■ 

where \6{n,k)\ < C/k. 



Denote by P„(/, k) the number of vertices in i/"^ with a loop, with degree /, and with second 
degree k. 

Lemma 2. For any n we have 

where 
p(2,0) = P, 

p{l,0) = p(/-l,0) ;., i~f%" , ^^3, 

/(I + a) — 2 — a 

/, , N /, , ^ al + k — 2a — l ,, ,, l — 2 + a 

p{l,k) = p{l,k-l) +p/-l,A: , /^3,fc^l. 

/(I + a) + K — 1 — a /(I + a) + A: — 1 — a 

ifere P «s some constant. For the other values of I and k we have p{l, k) = 0. 

2.3 Concentration 

Theorem 5. Let 6 > and k = O i n^+a+i j . Then for some e > we have 

P {\YrXk) - E(r„(A;))| > (E(r„(A;)))'-^) = o(l). 

It is a concentration result which means that the distribution of second degrees does, as the 
distribution of degrees, obey (asymptotically) a power law. 

This theorem is a non-trivial application of Talagrand's inequality (see [19]). Instead of 
Talagrand's inequality it is possible to apply Azuma's inequality (see [T]), but (as we show 
later) the result would have been weaker with Azuma's inequality. 

We can prove an analogous result for the value X„(/c). 

Theorem 6. Let 5 > and k = O i n^+^^ j . Then for some e > we have 

P (|X„(fc) - E(X„(A;))| > (E(X„(A;)))'"^) = o(l). 

If we substitute a = 1 in the Buckley-Osthus model then we obtain the Bollobas-Riordan 
model |8]. The second degrees in this model were considered in [17J. The concentration of 
second degrees in [17j was proved using Azuma's inequality. This inequality provided the 

concentration of Xnik) around its expectation for all fc = O in'^+^ j (with any positive 5). As 

stated in Theorem [6] Talagrand's inequality gives the stronger result: for Bollobas-Riordan 

model we obtain the concentration for a\\ k = O { n^+^ j . We obtain this improvement in spite 

of the fact that the proof of the concentration of X„(fc) in Theorem [6] uses the concentration 
of Yn{k) from Theorem [5l so it is not optimal in this sense. 

It is possible to generalize Theorem |5] (and also Theorem [6]) to the case of arbitrary m > 1. 
The only problem in this case is that we could not prove an analog of Theorem [2] (or Corollary 
[1]) for m > 1 since it demands even more calculations. But one would expect that the following 
conjecture is true. 



Conjecture 1. For any m> 1 and k = O f ?2™™i2+a'2a| j ^^g have EY^{k) = 6 (^), where 
Y^{k) is the number of k -vertices in H^^. 

We can generalize Theorem |5] in the following way. 

Theorem 7. Suppose ConjectureUl is true. Let m G N, 6 > and k = O (r2™™L2+a+,5'2a+,5j j_ 
Then for some e > we have 

p {\Y:'{k) - E(rr(^))i > (E(iTW))'"^) = 0(1). 

In Subsections 13. 11 - 13. 41 we prove Theorem |5] (using Corollary [1]) . In Subsection 13. 51 we prove 
Theorem El using Corollary [2J In Subsection 13.61 we present the sketch of the proof of Theorem 
[71 In Section H] we prove results from Subsection 12.21 (Theorem [21 Theorem [H and Lemma [21 in 
Subsections [121 [im and [131 respectively). Finally, we prove Theorem [31 in Subsection 14.41 

3 Concentration 

3.1 Interpretation of the Buckley— Osthus model 
in terms of independent variables 

We consider the following sequence: 

1,^1,2,^2, ■ ■ ■ ,n,^n, 

where ^i, . . . ,^„ are mutually independent random variables. For every i, we have ^j : f2j — >■ 
{1, . . . ,2i — 1} (here (fij, J-^, Pj) is some probability space) and 



[a + lj« — 1 



p.(e. = 2j)= . ^\. , vj = i,...,^-i. 

[a + 1)1 — 1 

We can interpret the sequence in the following way. Each i is a vertex of a graph. Each ^j 
is an endpoint of the edge that goes from the vertex i. If C,i = 2j — 1, then the edge goes to 
the vertex j. If C,i = 2j, then we say that the edge from the vertex i goes to the same vertex 
as the edge from the vertex j. The value of the variable C,j can also be even (say C,j = 2ji, for 
some integer ji), then the edge from the vertex i is again redirected according to the variable 
^jj. Finally this process stops at some odd value 2f — 1 and we say that C,i (as well as C,j and 
^jj leads to the vertex v. We also say that ^i leads to ^j. 

It is not hard to check that the graph model we obtained is exactly the Buckley-Osthus 
model. Indeed, at each time step i the in-degree of each vertex j G {1, . . . ,i — 1} is equal to 
the number of variables that lead (directly or indirectly) to the vertex j. 

Let us give yet another interpretation of the model described above. Consider a vertex v 
from the obtained graph. We can think of all the variables that lead to v as connected as a 
rooted tree, with v as the root. Let X = {,^j^, . . . ,C,i^} be the set of variables that lead to v. 
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We inductively construct the corresponding tree on d vertices ii, . . . ,ia. First consider those 
variables ^^i, . . . , ^ji from X that lead to v directly. The corresponding vertices i\, . . . ,il are 
adjacent to v in the tree. Suppose we choose all the vertices at distance ^ s from v and 
il, . . . ,ii are the vertices at distance s from v. Consider the set {^js+i, . . . , ^-s+i } of variables 

that lead to some of ^js, . . . , ^^s . We join each of the vertices i{'^^, . . . , if'^^ to the corresponding 
vertex from {il, . . . jif }. We thus obtain the set of vertices at distance s + 1 from v. 

3.2 Decreasing the number of A;- vertices 

We fix a value x = {xi, . . . , a;„) of the random vector C, = (.^i, . . . , ^n) from the probability 
space Q = YYi=i ^i- "^^^ quantity Yn{k) is a function from Q to N. We discuss the following 
question. How can the value Yn{k) = y„(A;,x) decrease, if we change one coordinate Xi of the 
vector X? In other words, we want to find c(i,x) = maXx'(l^(/c,x) — Yn{k,x.')), where x' is an 
arbitrary vector that differs from x in exactly the ith coordinate. 

Lemma 3. For any x = (xi, . . . , x„) and i & {1, . . . ,n} we have c{i, x) ^ 2A; + 1. 

Proof. It is convenient to think about the tree interpretation of the random variables. If we 
change a value Xi of one random variable ^j to some value x'^, then all the variables that lead 
to Xi are redirected to x'^. In terms of the tree interpretation, we pick the branch of the tree 
in which all the edges lead to xf if x'^ is odd, then we link the branch to the vertex with the 
number (x^ + l)/2; if x^ is even, then we link the branch to the variable C,x'/2- 

We want to interpret the change of one coordinate in terms of the graph H^i- Suppose Xi 
leads to a vertex v. Then all the variables that lead to Xi lead to v. If we change Xi to x[ 
and x'j^ leads to v', then we change the value of all such variables from v to v'. Or, in terms of 
H^i, we take a bundle of edges in the vertex v and move the bundle to the vertex v'. More 
precisely, if we had a bundle of edges {ii,v), . . . , {id, v), then after the change we have the edges 
(ii, f '),... , {id, v'). All the rest stays the same. 

Now we go on to the proof. We should show that after the change of the iih. coordinate, 
the number of A;- vertices we spoil does not exceed 2k + 1. Suppose we moved a bundle of edges 
{ii,v), . . . , {id, v). It is easy to see that we could spoil only the /c- vertices that have a common 
edge with f or w itself. Note that we could not spoil the /c-vertices in the neighborhood of v' . 

We split the set N^ of the vertices incident to v into two parts: / = IJ7=i{^i} ^^^ Nv\I. 
If |A^i,\/| ^ A; + 1, then after changing the edges from the bundle, all the /c-vertices from Ny\I 
are still A;-vertices. Indeed, all the edges in vertex v except for one are 2-incident edges for 
any neighbor of f , so there are at least k such edges for every vertex from N^\I. Similarly, if 
|/| ^ /c + 1, then no /c-vertices among ii, . . . ,id are spoiled except for at most one, since they 
are all adjacent to the vertex v' . The only case when some oi ii, . . . , id is spoiled is ij = v' and 
so we will not count the edges {ii, v'), . . . , {id, v') in the second degree of ij. 

Finally, the number of /c-vertices we spoil does not exceed min{|/|, A;} + min{|A^^\/|, A;} + 1 ^ 
2A; + 1. 

D 

We now want to estimate the influence of each variable more accurately. Suppose Yn{k, x) = 
q. For each A;- vertex Vj, j = l,...,q, we consider a subset of coordinates Kj = K^.{x.) = 
{i{, . . . ,-i;^,}, such that Vj is a A;- vertex for any y that agrees with x on the coordinates from 



Kj. It is worth noting that Kj depends on x, but is not uniquely defined by it. For any choice 
of the sets Ki, . . . , Kq, we denote their collection by /C = /C(x). Clearly, F„(fc, y) ^ q, for any 
y that agrees with x on all the coordinates from all Kj G /C. 

For each coordinate i, we define its multiplicity C{i,:si,}C) = \{j : i & Kj}\. 

It is easy to see that for any x and any K, one has c{i, x) ^ C{i, x, /C). So we have 

c(z, x) ^ min{2/c + 1, C{i, x, /C)} =: Ci(x, /C). 

We call a collection /C stable, if for every A;-vertex f j we construct all the sets Ki according 
to the following rule: if K^ contains some of the coordinates that lead to a vertex w, then Ki 
contains all of the coordinates that lead to w. 

Now, it should not be surprising that for such set systems we can prove an analog of 
Lemma [3l Namely, consider a vector x, the corresponding fc-vertices Vj,j = 1, . . . , g, and some 
stable collection /C. Let i G {1, . . . , n} and /C \ {i} := {Kj \ {i},j = 1, • • • , q}- Given i there 
exist at least q — Cj(x, K) such fc- vertices that are A;- vertices for any x' with x'^ = Xg for all 
s & Kj\ {i},j = 1, . . . ,q. To prove this fact one has to follow the proof of Lemma |3] and make 
sure that the proof works also for this case. The only additional consideration needed is that 
the number of fc- vertices we loose does not exceed the multiplicity C(j, x, /C). 

Lemma 4. Let /C fee a stable collection as described above. We have Yn{k,x.) — Yn{k,x.') ^ 
Xligj Cj(x, /C) for any vector x' such that x[ = Xi for alii & {1, . . . , n}\J. 

Proof. Suppose we change one coordinate j of x and obtain some vector x. Then we consider 
dj := C{j, X, /C) A;-vertices Wi, . . . ,Wd- such that j G Kw.{x.). We remove j from each of these 
sets and we check for each i = 1, . . . ,dj whether the obtained collection guarantees Wi to be a 
A;- vertex or not. If Wi is a /c- vertex then we define K^-lii.) = Kyj-{x.)\{j} . If Wi is not a A;- vertex 
then we exclude the set i^^.(x) from /C. At the end of this step we obtain a new collection 
fC. To prove the lemma we need one consideration. Namely, instead of changing the edges 
{ii,v), . . . , {id, v) to {ii,v'), . . . , {id, v') we can create a new imaginary vertex w and change the 
edges to {ii,w), . . . , {id,w). We denote the obtained graph by Gw We do not count w as a 
A;- vertex even if it has ^ k 2-incident edges. It is easy to check that for this graph the collection 
/C is stable. 

The number of A;-vertices (except for w) in the graph G^ is definitely not bigger than 
the same number for the graph corresponding to x. Moreover, the multiplicity of each co- 
ordinate in /C is less than or equal to the corresponding multiplicity in /C. We also have 
Yn{k, x) — Yn{k, Gw) ^ Cj(x, /C). Similarly, if x' differs from x in / coordinates, then the graph 
corresponding to x' has at least as many fc-vertices as the graph G obtained by forming I 
imaginary vertices. Moreover, at each step (if we change the coordinate j' and form the corre- 
sponding graph G') we spoil at most min{2/i; + 1, G{j' , x, /C)} A;- vertices and obtain a stable set 
system. 

Consequently, we have y„(A;,x) — F„(A;,x') ^ F„(A;,x) — Yn{k,G) ^ X1jgjCj(x, /C). 

D 

3.3 Construction of a suitable set /C 

Lemma 5. Suppose l^(A;,x) = q for some vector x in the corresponding graph G^. Then we 
can construct a stable set system /C = {Ki, . . . , Kg} such that X^iLi Ci(x, /C) ^ (4A; + 5)g. 
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Proof. First consider the set V of vertices with degree at least k + 2. Put NV = {-u : -u is a 
neighbor of v G V}. Note that a vertex from V can also belong to NV. Assume that | A^V"| = z. 
All vertices from NV are fc- vertices. Let BV be the set of vertices from NV which do not have 
an outcoming edge that goes to V. We have \BV\ ^ z/{k + 1) since each vertex has at most 
one outcoming edge. 

We denote by L^yL^ C {l,...,n}, the set of coordinates that lead to v. We also put 
LV = Uy^vLy and LBV = Uy^BvLv For any u G NV we put K^ = LV U LBV. It is easy to 
see that for any x' such that Xi = x'^ for every i G LV U LBV , the vertex u is /c- vertex in the 
graph corresponding to x'. 

For i e LV \J LBV we estimate Ci(x,/C) by 2k + 1. Note that \LV\ ^ z + f . We add 
additional | variables because the vertices from V can have loops. We have deg w ^k + 1 for 
w G BV\V and \BV\V\ ^ z/{k + 1), therefore \LBV\LV\ ^ z. So we have 

Y^ q(x, /C) ^ {2k + l)(|L5y\Ll^| + \LV\) ^ {2k + 1) (2z + ^) ^ (4/c + 5)^. 

Next we consider the set W of the remaining /c- vertices. We have |14^| = q — z. By the 
definition, for any w G VT all the neighbors A^^ of w have degree less than or equal to k + 1. 

For each w G VT we consider Ku = {fi, . . . ,f«,}, V"u, C A^, such that the number of edges 
adjacent to at least one of Vi G A^^, and not adjacent to w is between k and 2k. We can find 
such Vw since w is a fc-vertex. We can choose Vi G A^^, one by one, until the total number of 
2-adjacent edges does not exceed k. But it cannot exceed 2k since degfj ^ A; + 1 for f j G A^^. 
Denote by LV^ all the variables that lead to Vw 

Now for each w &W we put K^ = LVw U L^. Note that \LVu)\ ^ 2k and for w G iy\l^ we 
have \L^\ ^k + 1. 

Now we can make the final estimate: 



^Ci(x,/C)= Y^ Ci{x,}C)+ J2 Ci{x,}C) ^{4k + 5)z+ 

1=1 ieLVULBV ie{l,...,n}\LVULBV 

+ J]|LV;,|+ J2 \Ly,\^{4:k + 5)z + 2k{q-z) + {k + l){q-z)i^{Ak + 5)q. 

weW wGW\V 

The fact that /C is a stable set system follows from the construction. D 

3.4 Application of Talagrand's inequality 

First we briefly review Talagrand's inequality (see e.g., pLj). 

Let Q = Y[i=i ^i b^ ^ product probability space with product measure. Suppose a = 
(ai, . . . , On), Yl^=i ^1 ~ 1- W^ define the following distance between a set A C ^2 and a point 
x G i7: 



dist(A,x) = maxmin > 



a yGA 

iG/xy 



a 
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where I^y = [i: Xi^yt}. 

For t > we denote by At the set {x : dist(A, x) ^ t}. 



Theorem 8. (Talagrand's inequality) For any t > and A C Vl we have P (A) (1 — P (At)) ^ 

_*£ 
e 4 . 

We use the inequahty to derive the following theorem. 

Theorem 9. Fort > 0, k,s eN, and f{s) that satisfies the condition p{s) > (2A; + l)(4/c + 5)s 
we have P{Yn{k) ^ s-tf{s)) P(F„(fc) ^ s) ^ e"^. 

Proof. The inequality is trivial for tf{s) > s, so we can assume w.l.o.g. that tf{s) ^ s. Since 
^i are independent, we can apply Talagrand's inequality to the points x from the probability 
space Q. Actually, all we need to prove is that for any x such that Yn{k, x) ^ s we have x ^ At, 
where A = {y : Y^k, y) ^ s - tf{s)}. 

Suppose Yn{k,x.) = q ^ s. Given x we fix a set system /C as in Lemma [5l Then by Lemma 
Hfor any y e A we have q- s + tf{s) ^ F„(A;, x) - Yn{k, y) ^ Sjg/^y Cj(x, /C). 

We define a suitable vector a = q;(x). Namely, at = -y^====. It is easy to see that 
We have 

n n 

^c^2(x,/C) ^max9(x,K:)2]]cj(x,/C) ^ (2A; + 1)(4A; + 5)g. 

In the last inequality we used Lemma [5] and the definition of Cj(x, /C). 
Now we show that ^jgj a^ > t for any y E A. 

^fe ' ^JfjU^¥^) " V(2A: + l)(4A; + 5)g " V(2A; + 1)(4A; + 5). 

The second inequality holds since for q ^ s,tf{s) ^ s we have ^^^^ — ^-^ ^ JI£2_ xhe last 

inequality follows from the statement of the theorem. 

From ([1]) we obtain that dist(A, x) > t, in other words, x ^ At. D 

We apply Theorem [9] with t = 21nn, s = m(F„(A;)) + t(EF„(A;))i-^ /(s) = (EF„(A;))i-^ 

Here m(Yn{k)) is the median of Yn{k), and, consequently, P(y„(A;) ^ s — tf{s)) ^ 1/2. Since for 

any random variable Z we have m{Z) ^ 2EZ, it is easy to see that the conditions of Theorem 

E] hold if 

(EYnik))^'^' ^ 12(2A; + l)2lnn. 

If e is small enough then this inequality is a consequence of Corollary [1] and the conditions of 
Theorem [5l 

We obtain that 

p(Yn{k) ^ m{Yn{k)) + 2\nn{EYn{k)Y-'^ ^ 2e~'i = d{l/n), 

and since y„(A;) ^ n for all fc, we have 

EYnik) ^ m{Y4k)) + 2lnn{EY4k)Y-' + o(l). 
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Similarly we can derive that 

p(Yn{k) ^ m{Y^{k)) -2lnn{EYn{k)y-') ^ 26"^ = o{l/n) 

and 

EYM > HYnik)) - 21nn(EF„(A;))i-^ - o(l). 

Consequently, for some 6 > and all sufficiently large n we have \EYn{k) — m{Yn{k))\ ^ 
{EYn{k)y^^ . Therefore, for some £:' > 

P (\Yr,{k) - E(y;(A;))| > E(y;(A;))i-^') = o(l). 
This concludes the proof of Theorem [5l 

3.5 Proof of Theorem [6] 

We use the obvious fact that Xn{k) = Yn{k) — Yn{k + 1). Fix some e' > 0. First we want to 
apply Theorem [H] to Yn{k) and Yn{k + 1). We argue as after the proof of Theorem O We put 

f{s) = ^, t = 2 Inn and si = m{Yn{k))+tf{s), S2 = m(F„(A;)), sg = m(r„(fc+l))+t/(s), S4 = 
We apply Theorem [9] to Yn{k) with si and S2, and to Yn{k + 1) with S3 and S4 and obtain 

/ l-e'+o(l)\ 

P ( |K„(A;) - E(r„(A:))| > ^r^^j = o(l), 



l-e'+o{l)- 

P ( |F„(A; + 1) - E(F„(A: + 1))| > ^^^^ ) = o(l) 



provided 



^2-2.' 



^ e (nA;2~'^) In 



n. 



y!^2+2a 

It is easy to see that this holds if the conditions of Theorem [6] are satisfied for some 6 > 0. 
We have |X„(fc) - E(X„(fc))| ^ |r„(fc) - E(r„(A;))| + |y„(fc + 1) - E(F„(fc + 1))|, so 

/ l-e'+o(l)\ 

P (\X4k) - E{X4k))\ > ^iq:^) = 0(1). 



El 



Since "" j^i+° — = E{Xn{k)Y ^ for some e > 0, this inequality completes the proof of Theorem 



3.6 Generalization to the case of arbitrary m 

The proof of Theorem |9] can be modified to the case of the graph H^^. We present only 
the sketch of the argument. Suppose m > 1 is fixed. The number of variables changes from n 
to mn. The interpretation in terms of independent variables works for this case. Lemmas El IH 
Ohold for m > 1, but with some minor changes. 
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When we take a bundle of edges from a vertex v and move it to some vertex f ', we can 
spoil not only the neighborhood of f , but also the vertex v' . Namely, suppose we change edges 
(v, Wi), . . . , (f , wi) to (f', Wi), . . . , (f', wi). If t>' was a fc- vertex and edges (v, Wi), . . . , (f , iw;) were 
counted in the second degree of v\ then the second degree of v' may decrease (this is impossible 
in the graph H^i since H^i is a tree). It is not difficult to see that we cannot spoil the other 
vertices. 

Hence, we can formulate some analogs of Lemmas [3l HI 

Lemma 6. For any x = (xi, . . . , Xn) and i & {1, . . . ,n} we have c{i, x) ^2k + 2. 

We also have 

c{i, x) - 1 ^ min{2A; + 1, C{i, x, /C)} =: q(x, /C). 

Lemma 7. Let K, he a stable set collection. We have y„(A;, x) — ^^(A;, x') ^ Xliej('^i(^' ^) + ^) 
for any vector x' such that x[ = Xi for all i & {1, ... ^ n}\J. 



Lemma [5] holds for Cj(x, /C) and m > 1 without any changes. 

The only thing left is to modify the proof of Theorem [9l We put Oj 



Ci(x,/C)+1 



Then 

^(cj(x,/C) + l)2 ^ fmaxCj(x,/C) + 2j ^Cj(x,/C) + mn ^ (2/c + 3)(4/c + 5)g + mn. 
j=i ^ -^ ^ i=i 

Finally, 

^ E.g/.,(c.(x,/C) + l) g-s + t/(.) ^ tf{s) 

2]"^i(9(X'^) + 1)^ A/(2A; + 3)(4A; + 5)g + mn a/(2/c + 3) (4A; + 5) s + mn 



if /^(s) > {2k + 3)(4/c + 5)s + mn. So we can formulate an analog of Theorem |9l 

Theorem 10. Fort > 0, m,k,s G N, and f{s) that satisfies the condition /^(s) > {2k + 
3)(4A; + 5)s + mn we have 

P{Y;rik) ^ s - tf{s)) P(Fr(^) >s)^ e-x. 

Finally, arguing as after the proof of Theorem IH one can see that Theorem [7] follows from 
Theorem (TU] and Conjecture [T] 

4 Estimation of El^(/c) 

We need the following notation. Let X be a function on n (the number of vertices), / (the 
first degree we are interested in), k (the second degree we are interested in); then denote by 
6{X) some function on n, /, k such that |6'(X)| < X. 
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4.1 Proof of Theorem [4] 

It follows from the definition of H^^ that Nn{l,0) = Nn{0,k) = 0. Indeed, since we have 
no vertices of degree 0, we see that Nn{0,k) = 0. Since vertices with loops are not counted 
in Nn{l,k), we have no vertices of second degree and A^„(/,0) = 0. Therefore, we have 
ENn{l, 0) = EA^„(0, k) = 0. We want to prove that there exists such constant C that 

EAr„(/, k) = c{l, k) [n + e{n, /, fc)), 

where \e{n,l,k)\ <C{l + kY+\ 

Let us demonstrate that EA^„(1, k) = c(l, k) {n + 6 {Ck^^"")). We shall use induction on k. 
For k = there is nothing to prove. 

Assume that for j < k we have 

EiV„(l,j) = c(l,j)(ri + e(Cj^+")). 

Denote by Ni{l) the number of vertices with degree / in i/^i. We use induction on i and 
the equality 

E(iV,+i(l, A;)|iV,(l, k), iV,(l, k-1), N,{k)) = 

'^ ' '^ V {a + l)i + aj {a+l)i + a {a + l)i + a ' ^^ 

Let us explain this equality. Suppose we constructed H^^^. We add one vertex and one edge. 
There are Ni{l,k) vertices with degree 1 and with second degree k in H^^. The probability 
that we "spoil" one of these vertices is , ^'l?" ^ . We also have Ni{l,k — 1) vertices with degree 
1 and with second degree k — 1. The probability that one of these vertices has degree 1 and 
second degree k in -ff*V i^ (a+A^+a • Finally, with probability equal to .^~Aj""^ the vertex i + 1 
has necessary degrees in -ff^V- From ([2]) we obtain 

E7V.«(l.t) = EA'.d,*:) (l - , * + ^° ) + i^ - ^ ^ -)^m.k - D ^(k-l+a) EN.(k) 



{a + l)i + aj {a + l)i + a (a + l)i + a 

(3) 
Note that if we have at least one vertex with first degree 1 and second degree k in H^^, 
then we have at least k edges in this graph. Therefore EA^j(l, k) = when i < k. Consider the 
case i = k. First, note that 

ENkil,k)^cil,k){k + e{Ck^+'')) 

with some C. For a finite number of small k we can find a constant C such that 

ENkil,k) = 0(1, k){k + e{Ck'+'')). 
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Using ([2]), Lemma dl and the assumptions of the theorem we get 



ak + k-l " ^^ ' ak + k - I 

= kc{l, k) + r-T-^ c 1, fc + c 1, k - 1 ■ , / [C {k - if +" + 

ak + k — 1 ak + k — 1 

,,. k - 1 + a ^ ,^ ... ^, , ,, (3ak + k -3a- I - ak'^)(a + k - 1) ,^ , ^, 

+c(A;)— e (CiA;^+") ^ kc(l, k) + — — ^ -c(l, k - 1) + 

^ ^ak + k-l ^ ^ ^'^ {ak + k-l){k + 3a + l) ^ ' ^ 

{3ak + k-3a-l-aP){a + k-l) C{k-l + a) .xi+a , 

-c[k) + c{l, k - 1) — ; ; — (fc - 1) + 



{ak + k -l){k + 3a + l) ^ ^ ^ ' ^ak + k-l 

This holds for big values of k. Indeed, 

{3ak + k-3a-l-ae) C(fc-1)^+" C i+„ 

(afc + A;- l)(A; + 3a+ 1) aA; + fc-l ^ k + 3a + 1 ' 

if fc and C are big enough. 

Consider the case i ^ k. Using ([3]), Lemma [H and the inductive assumption we get 

k + 2a \ r-^r/, , ^^ k — l + a ,^i/,x k — l + a 



(k -\- 9n \ k — 1 -\- n 

1- , ^Tvl +EiV.(l,fc-l) + +Ml{k) 

[a + 1)1 + aj [a + l)t + a [a + l)i + a 

= c(l, k){t + e {Ck'+^)) (l - , ^tv" ] + c(l, A; - 1) (z + (C(A: - 1)^+^)) ±zl±^ + 

+c{k) {^ + e, {C,k^^-)) ,^~]y^ = c(l, A;)(z + 1)- 

[a + l)i + a 

r-, ,Mk + 3a + l) + a .^ ,\/i/^,i+„\A k + 2a \ .^ , ..k-l + a 
-c 1, k)-— -— ^ + c 1, fc^ (Cfc^+°) 1 - — + c 1, k - l)i- — + 

+c(i, k - 1)6 {c{k - i)i+») .^~^\+^ + c{k)i .^ ~ \~^ "" + c(/t)ei (Cir+i) ^ - 1 + « 



CI 



a + 1)2 + a (a + l)i + a (a + l)i + a 

A; + 2a \ {k -I + a)ac{l,k -I) 



:i.«:)(. + l) + c(l.*)0(«-)(l-j;^i±i^) 



a + l)i + a/ ((a + l)i + a)(/c + 3a + 1) 



((a + l)z + a)(fc + 3a+l)+'^^'^ ^^^^^^^ ^^ ^a + 1)^ + a+'^^^^^ ^^^^ ^a + l)^ + a- 
We want to prove that there exists a constant C such that 

n h\rk^+"- ^ + ^" > (^ - 1 + a)ac(l,/i; - 1) (/c - 1 + a)ac(A;) 

"^^ ' (a + l)2 + a ^ ((a + l)i + a)(A; + 3a+ 1) ((a + l)z + a)(A; + 3a + 1) 
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+c(l, k - l)C{k - 1)1+- AJ_±^ + c(A;)CiA;i+" — 



(a + l)i + a (a + l)i + a 

It is sufficient to prove that the following inequalities hold: 



j+g {k + 2a){k - 1 + a) ^ (fc - 1 + a)ac(l, fc - 1) , ^^^ ^M+g k-l + a 



c(l,fc-l)CA;i+" , ^ ' — ^\- ^ > -^ \,; ' '—+c(l,k-l)C(k-iy , 

^' ' ((a + l)i + a)(A; + 3a+l) ((a + l)z + a)(A; + 3a + l) ^ ^ ^ ^ (a + l)i + a 

and 

i+a (A; + 2a)(A; — 1 + a) (fc — 1 + a)ac(A;) i]\n i^^o- fc — 1 + a 



c(k)Ck'+ \^ ^ ' — ^\- ^ > - — ^ \' ^ ^ - + c(k)Cik^ , 

((a + l)i + a)(A; + 3a + 1) ((a + I)? + a)(A; + 3a + 1) ^' (a + 1)2 + a 

Or 

Ck^^^ik + 2a)^a + C{k - l^+^ik + 3a + 1), 

CA;^+"(A; + 2a) ^ a + Cik^+^k + 3a + 1). 

Note that 

k^+^ik + 2a) -{k- ly+^ik + 3a + 1) = 

= fci+"(fc+2a)-(A;i+"-(l+a)r+ "^''^^^ fc"-^+0(r-^))(fc+3a+l) = (5« + ^K^ + l) ^a^Q^^a-i^ 

For big values of /c there exists a constant C such that 

Cik^+'^ik + 2a) - (A; - lY+^{k + 3a + 1)) ^ a. 

But we can not choose a constant C if k^^"'{k + 2a) ^ (/c — l)i+"(A; + 3a + 1). There is 
a finite number of k with ( "+ )("+ ) ^a _|_ q(j^o-i^^ ^ q^ p^^, g^^j^ ^ ^^ want to prove that 
EiVri(l, A;) = c(l, k) {n + O {f{k))) with some function f{k). Using the method above we obtain 
the same inequalities: 

/(A;)(A; + 2a) ^ a + f{k - 1)(A; + 3a + 1), 

f{k){k + 2a) ^ a + Cik^+^k + 3a + 1). 

There exists a function / such that the inequalities hold. This completes the proof for EA^„(1, k). 
Consider the case / > 1. Assume that we already proved that 

for all i and j, such that i<l,j^koTi^l,j<k. 
We use the following equality, which is similar to ([2]): 

r-,. ,, ,. ,-,w, r\f, 1(1 + a) + k + a- l\ 

EiV,_,i /, k) = ENi{l, k)[l- ' + 

V (a + 1)2 + a / 

{l-2 + a)ENi{l-l,k) {k + al-l)ENi{l,k-l) 

(a + l)i + a (a + l)i + a 

Note that if we have at least one vertex with first degree I and second degree k in H^ ^ 
(without a loop), then we have at least / + A; — 1 edges in this graph. Therefore ENi{l, k) = 
when 2 < / + A; — 1. Consider the case i = Z + A; — 1. It is sufficient to prove that 

EiV;+fc_i(/,A;)^Cc(/,A;)(/ + A;) 
15 



with some C. For any finite number of small / and k we can easily find a constant C such that 

ENi+k-Ahk) ^Cc{l,k){l + k). 
Using (jlj), we get 

_ (/ - 2 + g) EiV,+fc_2(/ - 1, fc) (fc + g/ - l)EiV,+,_2(Z, /c - 1) ^ 

^ ' ^(g + l)(/ + fc-2) + g ^' ^ (g + l)(Z + A;-2) + g 

< Cc(l - 1, ^",-^+f + ''> + Ce(,, * - i)M±iz^)(i±^ , 

^ ' l + al + k + 2a ^ ' l + al + k + 2a 

The last inequality holds if k is big enough. 

We also need to consider a finite number of small k. First we show that for any finite 
number of small k we have 



c{i,k) = n 



[k-^+irri 



[l + aY 
Indeed, from the recurrent relation we obtain 

/ — 2 + g 

C{1, 1) = Cil - 1, Ij- — ; 77 — Y, 

^ ^ ^ ^(g + l)(/ + l + g/(g+l)) 

Therefore 

r(/ - 1 + g) ^ ' '"^+^ 



c(/,i) = n 




(g + l)T(/ + 2 + g/(g + l)); I (1 + a)' 

Here we used Statement [1] from Subsection 14.21 For k ^ 2 we have 

/,,N /,, N gZ + fc — 1 ,, ,, / — 2 + g 

c{l,k) = c{l,k-l)- ^ + c{l-l,k)- 



l{l + a) + k + 2a ' l{l + a) + k + 2a' 

It is sufficient to prove that there exists a positive function f{k) such that 

/(fc)(/(l + g) + A; + 2g)/'^-'+^ ^ /(A;-l)(g/ + A;-l)/^-^+^+/(A;)(/-2 + g)(g + l)(/-l)^~^+^^ 

fik){l{l + a) + k + 2a) ('/^-^+^ - (/ - l)''-^+^i\ + f{k){3a + k - a" + 2){l - 1)'=-^+^ ^ 

The last inequality holds for some positive function f{k). 
So we want to prove that 
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Suppose that we have a graph on Z + A; — 1 vertices and a vertex t has first degree / and second 
degree k. Then one edge from this vertex goes to the vertex 1, / — 1 vertices send edges to t, 

and k — 2 vertices send edges to the neighbors of t. There are I j, o ) ways to choose our 

vertex t and its neighbors. In each case the probabihty of these neighbors to send edges to the 
vertex t equals 

^ , (a(a + l)...(a + /-2)) \ ^ ^ / Tja + l-l) \ ^ ^ ( T'^^^ 



(3a + 2)(4a + 3)...(/(a + l) + a)y \{a+ iyT{l + 1 + a/{a + 1)) J I (a + 1)M ' 



so 



ENi+f,-iil,k)=0 



l^-^+^i 



[a + 1 



\i 



This concludes the case i = I + k — 1. 
For i ^ I + k — 1 we have 

FN (1 le\ FN(lle\(^ l^i + a) + k + a-l \ , (/-2 + a)EiV,(/-l,A;) , 
EiV.^,(/, A:) = EiV.(/, A;) ^1 (, + i), + , J + (, + !), + « + 

^(fe + a/-l)EiV.(/,fe-l) ^ ^ / _ /(l + a) + fe + a-l 

(a + l)i + a ^ \ (a + l)i + a 

^,(,_, ,0 (,> . (C(, + * - 1)-)) |^.c(U-l) (. + . (C(/ + * - 1)-)) |±^ 

[a + ljz + a ^ ^ \ [a + l)z + a 

n . ,N- (^-2 + a) ,, , ,,.(A; + a/-l) 
(a + lj« + a (a + lj« + a 

+c(/ - 1, A;)^ (C(/ + A; - l)^+«) /^ ~ f ^ ""^ + c(/, A; - 1)^ [Cil + k- lf+'^) (^ + "^ " ^^ 



(a + l)i + a (a + l)i + a 

^ c(;. m + 1) - e(^ ^ '"^ +;';*. + ^'° + % c(i - u)» 'i^i±^+ 

(a + 1)2 + a (a + 1)2 + a 

+c(;. I- - 1). j^^if^ + e(i. *)« [Cil + *)'«) (i - !(i±^l±l±i^) + 

(a + 1)2 + a ^ \ (a + 1)2 + a / 

+c(/ - 1, A;)^ (C(/ + A; - 1)^+'^) /^ ~ ^^ ""^ + c(/, A; - 1)^ {C{1 + k- 1)'+-) (^ + "^ " 1) 



(a + 1)2 + a (a + 1)2 + a 

, ,,. , a{k + al — l)c{l,k — 1) a{l — 2 + a)c{l — l,k) 

^^ ' ''^^^ ^ ~ ((a + 1)2 + a)(/(l + a) + A; + 2a) ~ ((a + 1)2 + a)(/(l + a) + A; + 2a) ^ 



+c{l,k)9 



{C{1 + A:)^-) f 1 - Kl + a) + k + a-l \ 
^ ^ V (a + 1)2 + a J 
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I -^/ / 1 U\U { / •< I I I U 1 \ J-T" \ ^ / I -^/ / /^ 1 \ Li I / -< f I \ 1^. 1 \l + ft^ V / 



:(/ - 1, A;)^ (C(/ + k- 1)1+") ^^ ^^ ''-' + c(/, A; - 1)^ {C{1 + k- 1)^+'^) 



+ l)i + a ' (a + l)i + a 

We want to prove the following inequality: 

a{k + al ~ l)c{l, k-l) a{l - 2 + a)c{l - 1, A;) 

^ ((a + l)i + a)(/(l + a) + A; + 2a) ((a + l)i + a)(/(l + a) + k + 2a) 

^Cc(, - MO ((' + *- 1)-) 1^ + C.(a - 1) ((, + *- 1)-) |±^. 

It is sufficient to show that the following inequalities hold 

^' ^^ ' ((a + l)i + a)(/(l + a) + A; + 2a) 

{{a + l)i + a){l{l + a) + k + 2a) ^ '^ ' {a + l)i + a 



and 



Ceil - 1. *)(; + ,)...;;(i + --) + *+;-i)('-2 + a) ^ 

^ ' ^^ ^ ((a + l)i + a)(/(l + a) + A; + 2a) 



((a + l)i + a)(/(l + a) + A; + 2a) v ' /v (q+I^^ + q- 

In other words 

C{1 + A:)i+"(/(l + a) + A; + a - 1)(A; + a/ - 1) > 

^ a(A; + a/ - 1) + C(/ + A; - l)i+"(A; + al - 1)(/(1 + a) + A; + 2a) 

and 

C(/ + kf+^ilil + a) + k + a- l)(l - 2 + a) ^ 

^ a(Z - 2 + a) + C(/ + A; - l)i+"(/ - 2 + a)(/(l + a) + A; + 2a). 
To prove both inequalities we make the following transformations: 

(/ + A;)i+"(/(l + a) + A; + a-l)-(/ + A;- lf+\l{l + a) + k + 2a) = 

= (/ + A;)i+'^(/(l + a) + A; + a - 1) - ((/ + kf^'^ - (1 + a)(/ + kf + ^il±^(/ + kf-^^ 

+0 {{I + A;)"-2)) (/(I + a) + A; + 2a) = -(/ + A;)i+"(1 + a) + (1 + a)(/ + A;)"(/(l + a) + A; + 2a)- 

_a(l + a) ^^ + kY-\l{l + a) + A; + 2a) + O ((/ + A;)"-^) (/(i j^a) + k + 2a) = 

= {l+ky-\l+a) (al'' + alk + 2al + 2ak - '^^}l±Ai - -k - —\ +0 ((/ + A;)"-^) (/(l+a)+A;+2c 

= (/ + ky-\l + a) (af + alk + |a/ + ^aA; - ^aH - aA + O ((/ + k)""-') (/(I + a) + A; + 2a). 
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li I OT k is large enough, then there exists a constant C such that 

Cil + ky^^l + a) (al^ + alk + -al + -ak - -aH - aM +0 ((/ + k)"-'^) {l{l + a) + k + 2a) ^ a. 

Finally, we need to consider the finite number of small / and k. We want to find some 
function f{l,k) such that 

/(i.^c(U)((i + ^»°) '<'+"> + * + '■- S 

^ ^ (a + Ijz + a 

a{k + al-l)c{l,k-l) a{l - 2 + a)c{l - l,k) 



((a + l)i + a)(/(l + a) + k + 2a) {{a + l)i + a)(/(l + a) + k + 2a) 
+f{l - 1, k)c{l - 1, k)j^^^4v^ + /(^' f' - l)c(^' ^ - 1)-^^ + ''^ " ^) 



(a + l)z + a ' ' {a + l)i + a 

Such function /(/, fc) exists. This concludes the proof of Theorem HJ 

4.2 Proof of Theorem H 

In this proof we shall use the following statement. 
Statement 1. For t > and fixed a > 

r(t + a) 



m 

Proof. From Stirling's formula we obtain 

T{t + a 

It is easy to check that 



f'il + Oil/t)) 



So 



We obtain 



iln('l + -) =a + 0{l/t). 
(l + ^)* = e«(l + 0(l/t)). 



^±^ = y^(t + ay (1 + 0(l/t)) = r (1 + 0(l/t)) . 



n 
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4.2.1 Estimation of c(l, k) 

Lemma 8. 

_ r(2a + l)(l + 0(l/A:)) 

''^^'^^" r(a)A;«+i 

Proof. As we know 

B{k-l + a,a + 2) (a + l)r(2a + l)r(A; - 1 + a) 



c{k) 



B(a,a+1) r(a)r(A; + 1 + 2a) 

Using the recurrent relation 

/ ,, , , , a + k — 1 ,,,a + A; — 1 
c(l, A;) = c(l, A; - 1)- + c{k)- 



k + ^a + l k + ^a + l 

we obtain 

n M _ Y^ c(j)(a + j-l)...(a + A;-l) _ 
^ ' ' jr[ (j + 3o+l)...(A; + 3a + l) 

_ (a + l)r(2a + l) A r(j-l + a)(a + j-l)...(a + A;-l) 



r(a) ^ r(j + 1 + 2a)(j + 3a + 1) . . . (A; + 3a + 1) 

_ (a + l)r(2a + l)r(a + A;) A V{j + 3a + 1) _ 
r(a)r(A; + 3a + 2) ^ r(j + 1 + 2a) ~ 

^ r(2a + l)A;»+i(l + 0(l/A;)) 



(a + l)r(2a+l)r(a + ^)^ 



r(a)r(A; + 3a + 2) ^^' ' ' "'' r(a)A;2«+2 

r(2a+l)(l + 0(l/A;)) 



r(a)A;'' 



+1 



D 



4.2.2 Sum of c(/, A;) 

We want to estimate tlie sum X]«^i c(^, A;). First let us prove that the series Yll^i ^^c(/, k) 
converges for all A^ and k. 
The inequality 

c{l,k)^C ^ 



l + qY 



(p-i) 



holds for any p > 1 and q = min{a, 1}^^ — -. Here we choose C so that C-^^^ ^ c(l, A;) for any 
k. We need to prove that 

k k—1 k 

We make some transformations: 

p{l + al + k + 2a) ^ (a/ + A; - 1) +p(l + q){l - 2 + a), 
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p{al + k + a + 2) ^ (al + k-l) + pq{l - 2 + a), 
al + k + a + 2^ min{a, 1}(/ - 2 + a). 

The last inequality holds. Therefore c(/, k) ^ Ct^ty ^^'^ Sl^i ^^c(/, k) converges. 
For / ^ 2 and any c ^ we have 

c(/,A;)(/(l+a)+A;+2a)^|}±^ = c(/, A:-l)^i|±^(a/+A:-l)+c(/-l, A;)(/-2+a)I|}±^. 

i (/ + a — 1) i (/ + a — Ij L [I + a — I) 

Therefore, 

E/, ,N/,/ N , , r(/ + a + c) v-^ /, , N/ , , , r(/ + a + c) v-^ /, ,.r(Z + a + c+ll 



f; c(/, A;)(a/+A;+a-c)^|[±^ = f^ c{l, A:-l)(a/+A;-l)^^[±^+c(l, A;) " 

-^ r(/ + a-l) -^ r(/ + a-l) r(a) 



r(a + c + 2) 
Consider the function 



It is easy to see that 



/c(A:) = ^^^^^^^ = r-(l + 0(l/A:)). 



fc{k + 1) _ -^ , « - c 



/e(A;) A; 

We have 

j=i 1=2 y ^ ) 

j=l 1=2 \ ' J j^i \ I 

j=l 1=2 \ ^ ) 

^ c(/, A;)(a/ + A; + a - c)^|t^^^/c(A:) = 
>v^V~^ /, .X r(/ + a + c) a/(a - c) . , ., v^ ,_, ,, Tfa + c + 2) „ , ,, 

= EE'=('-^) r(, + a-i) , ^ ''^' + g '''^■^) r(a) ^ ''^>- 
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If c ^ a then taking into account Lemma 8 and the above-mentioned asymptotics for fdj) we 
have 

1=2 I + J j^i \ ) 

Hence, 

We want to prove that for any ^ c < a + 1 the following equality holds: 

We have already proved this statement for a ^ c < a + 1. 
Suppose that for c' ^ 1 we have 



±<'.^^'>'i^M.-o(^^) 



cyi, Kj " ^ 

1=2 

Then 



1=2 

k—l oo 



Vc(i,t)(ai + t + a-c' + l) ^'' + ° + "' /' /c'-ilt)- 
t? r(i + a-l) 

= o(|:<l^^M!:^)=o((iu*)r»-«i). 



(In A;) r«-^' 
We proved ([5]). In particular, 



j:<l,k) Jl^"^ foik) = Y,c{l,k){l + a-l)Uk) = O (^^^) . 

1=2 ^ ' 1=2 ^ ^ 

Put Xk = Y.T=2 c(^' ^)- For / ^ 2 

c(/, k){l(l + a) + k + 2a) = c{l, k - l){al + k - 1) + c{l - 1, A;)(/ - 2 + a). 
So 



(6) 



^ c(/, A;)(/(l + a) + A; + 2a) = J^ c(/. A; - l)(a/ + A; - 1) + ^ c(/, A;)(/ - 1 + a), 

i=2 J=2 «=1 

oo oo 

^ c(/, A;)(a/ + A; + a + 1) = ^ c{l, k - l){al + k - I) + ac(l. A;), 



i=2 1=2 
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{k + a + l)xk = {k — l)xfc_i + ac(l, k) + a 2_] ^(c(/, A; — 1) — c(/, A;)). 

1=2 

We have 

oo 

{k + a + l)f-i{k)xk = {k- l)/_i(fc)xfc_i + a/_i(A;)c(l, A:) + a/_i(fc) ^ /(c(/, A; - 1) - c(/, A;)), 

1=2 
k k—1 k k oo 

^(j+a+l)/_i(j)x, = 5^/_i(j)(j+a+l)x,+J]a/_i(j)c(l,j)+J]a/-i(j)E^W^'^-l)-^(^'^'))' 

j=l j=l j=l j=l 1=2 

k k oo 

(fc + a+l)/_i(A;)a:, = a^/_i(j)c(l,j) + a5^/_i(j)5Z/(c(/,j-l)-c(/,j)). 

j=l j=l 1=2 

k k—1 „ / .N oo oo 

f_,{k){k + a + l)x, = aY,f.,{j)c{l,j) + a{a + l)Y,^^^^Y.^c{l,j)-af_,{k)Y,Hl,k) = 

j=l j=l •' 1=2 1=2 






Here we used (161) and Lemma 8. We obtain 



aT(2a + l) f ^ f i\Yik)^''+^^ 



and 



fi^<'^^)^=(^^*)-'^^i^O-(^^)) 



4.2.3 Estimation of EF„(A;) 
Note that 

Therefore we obtain 

Let us estimate the sum 

tri^ (a + l)z + a 
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First we compute 

Let us prove by induction on k that 



r(a + l)r(A; + 2a) \ \ n 

with some constant C. For k = 1 and k = 2 we have 

F„(l) = Y,U - 1 + a) M^(j) = n(l + a), 

F„(2) = F„(l)-aM^(l)=n(l + a)-an^^^ + 0(l) = ^l±^(l + 0(l/n)). 
For A; ^ 3 we have 

\ (a +1)2 + ay [a + l)i + a 

We multiply this equality by (j — 1 + a) and sum over all j ^ /c: 

T^k m {a+l)i + a ^.^^ (a + l> + a 

H ;^Z^ *^-^^ a + li + a *^ ^ a + li + a 

= i^.(A:) fl + , , \. , 1 + (F.(A: - 1) - F,(A;)) (^ " ^ + «) _ 



(a+l)i + a/ (a + l)i + a 



(a + l)i + aj (a + l)i + a 

Note that for i + 1 < /c — 1 we have Fi^i{k) = 0. Consider i + 1 ^ A; — 1. Using the inductive 
assumption we get 

(a + l)r(2a + l)r(A; + a) / k-2 + a \f n f C{k - iy^'^ \\ 

' a + l)r(2a + l)r(A: - I + a)i {k - I + a) / / C(A: - 2)^+" 



^ r(a + l)r(A;-l + 2a) {a + l)i + a y ' " \ i 

{a + l)T(2a + l)T(k + a) f a f k~2 + a\fC{k-lf+''\ 

i + l- 7 — TT^ Vi\l- 7 -— T— : + 



r(a + l)r(A; + 2a) \ (a + l)i + a V (a + l)i + a 

24 



{k-l + 2a)i^fC{k-2f+'' 

i — 7 TV- C/ 



{a + l)i + a \ i 

And we need to show that for some constant C 



+ f \+^^^ C(fc - 2)1+" ^ _LJ±^c(A; - iy+\ 



(a + l)i + a (a + l)z + a {a + l)i + a 

This inequahty holds for sufficiently large C. 
We have 

y^ m) _y^ r(2a+l)r(A: + a) / /fci+-\\ 

r(a + l)r(A; + 2a) V \ ^ )) 



Let us estimate the sum 

n.-l 



(a/ + A;-l)EiV,(Z,A;-l) 



trtr («+i)^+a 

We start with the sum 

^{al + k-l)£Ni{l,k-l). 

It is easy to see that 

ENi{l,k) =0{c{l,k)i). 

To verify this, one can follow the proof of Theorem H] and make sure that it works for the 
inequality 

ENi{l, k) < Cc{l, k){{a + l)z + a) 

with some constant C - note that the analog of Lemma [1] is also needed. 
Therefore 

^(a/ - l)EiV,(/, k-l) = ( J](a/ - l)c(/, k - l)^^ = O (^^^^|1^) • 

Using ([5]) we obtain 

J2 kENi{l, k-l) = J2 kc{l, k-l)i{l + ((/ + kY+yi)) = 

_{a + l)r(2a + 1|^ / ^ ^ Alnfc)r°+i1 \ ^ ^ /fci+'^ 



r(a)fc» 
Here we used the following estimate 



J2 HI, A;-1)(/+A;)i+" = ^ ( ^ A;2+"c(/, A; - 1) + ^ A;c(/, A; - 1)/^+" j = 0{k)+0{l) = 0{k). 

1^1 \l=l l^k ) 
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So we have 

n-l 



^^(a/ + A;-l)EiV,(/,A;-l) r(2a + 1) / ^ / (In A;) T'^+iT \ ^ /A;i+" 



[a + l)i + a T(a)k"- \ \ k I \ n 



Hence 



|:i:-»(^.)^?i^«0.o 



f^T^ ZT77T en 1 + 0' 



A; J J T{a + l)T{k + 2a) \ \ n 



a + l)r(2a+l) / ^ /(lnA;)r"+il\ ^ /A;i+'^ 
n 1 + ^ ^ +0' 



r(a + l)A;" V V ^ / V ^ 

Consider vertices with loops. For A; = 0, we have 

n 

For A; ^ 2, we have 

\^\^pp r/ -^ \^\^pp// .^ , '^^^ (a/ + A:-2a-l)EP^(/,A:-l) 

Therefore, we obtain 

""^ (a/ + A;-2a-l)EPi(/,A;-l) ^ ^^^ (a/ + A; - 2a - l)p(/, A; - 1^ 



)^N^EP„(/,j) = )^)^ ^TIFT^ ^^^' (a + l). 

From the recurrent relation for p(/, A;) it follows that 

1 



and 

To obtain the second estimate consider g(/, A;) = p(/, A;)/A;. For A; ^ 1 we have 

g(/, A;)(/ + a/ + A; - 1 - a) = g(/, A; - 1) '' ~ ^^" ^ - a- ) ^ ^.^ _ ^^ ^w^ _ 3 + a), 

A; 

g(/, A;)(/ + a/ + A;-l-a) -g(/, A;-l) lal + k-2a-2- j = g(Z - 1, A;)(/ - 2 + a) 

Thus, q{l,k) = 0{q(l)), where 

g(/)(/ + a + 1 + (a/ - 2a - 1)) = g(Z - 1)(Z - 2 + a). 
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From this equality it follows that g(/) = O {^^\ 
We can estimate the following sum: 

y^ {al + k-2a-l)p{l,k-l) ^ ^ 
Hence 

Now we are ready to estimate EYn{k): 

EY^k) = J2J2^N4l,j) + J2J2^Pnil,k) = 

1^1 j^k 1^1 j^k 



r(a + l)A;" V \ k J \ n 

_ (a + l)r(2a + 1)^ A ^ nhik)^\ ^ ^ [k^+- 



r(a + l)A;" V V ^ / V '^ 

This concludes the proof of Theorem O 

4.3 Proof of Lemma [2] 

It is easy to see that EP„(0, k) = EP„(1, k) = 0. For all A; > we have EP„(2, k) = 0. For 
k = we have 

Pp,.„,_f^ g A (l + a),-2-a _^ g F (n - ^) T (» + ^) _ 

= -(1 + Oil/n)) Y, , Z-_A ^ + 0{l/^)) = 0(1). 

The rest of the proof is by induction. Consider I ^ 3, k ^ 1. Assume that we already 
proved that EPn{i,j) ^ p{i,j) for all i and j, such that i<l,j^koTi^l,j<k. We use 
the following equality 



a + l)i + a J {a + l)i + a 

+ EP.(/-l,fc) /7^ + " . (7) 
[a + l)t + a 

Note that if we have at least one vertex with a loop, with first degree / and second degree k 
in the graph if* i, then we have at least I + k — 1 edges in this graph. Therefore EPj(/, k) = 
ii i < I + k — 1. Consider the case z = / + A; — 1. Using (jTj), we get (for k ^ 1) 

^ ,j , X _ (^ - 2 + g) EP;+fc_2(/ - 1, A:) (al + k-2a- l)EPi+k-2il, A: - 1) ^ 

'+^~^^' > (a + !)(/ + A; -2) + a (a + 1)(/ + A; - 2) + a 

27 



{1-2 + a)p{l - 1, k) {al + k-2a- l)p{l, k - 1) 



{a + l){l + k-2) + a {a + 1){1 + k - 2) + a 

_ {I + al + k - 1 - a)p{l, k) 

- ^a + l){l + k-2) + a ^ ^^ ' ^- 

The last inequality holds for k ^ 1/a. Consider the case k < 1/a. As in proof of Theorem HJ 
at first we estimate p{l, k): 

p{i,k) = n 



{l + aY 

For k = we have 

/, X /, X I — 2 + a 

p{l,0) =p{l- 1,0)- 



:i + a)(/-l-^) 
Therefore, 

la + l 



p{i,o) = n 



For k ^ 1 we have 

,, ,, ,, , ^, al + k-2a-l ,, ^ ,, I -2 + a 

pil, k) = p{l, k - 1 W-— -— _- + p{l - 1, k)——^—-— . 

L[l + a) + k — 1 — a l[l + a) + k — 1 — a 

Again, it is sufficient to prove that there exists a positive function f{k) such that for big / 
f{k){l{l+a)+k-l-a)l''+^ ^ f{k-l){al+k-2a-l)l''^^-^+f{k){l-2+a){a+l){l-l)''^^K^ 
f{k){l{l + a) + k-l-a) ('/'=+^ - (/ - 1)'=+^) + f{k){k -a^ + !)(/ - 1)'=+^ ^ 

^ f{k - l){al + k-2a- l)l''+^-\ 

The last inequality holds for some function f{k). 
We want to prove that 



EPi^k-i{l,k)=0 



(l + aY 



There are l'^ possible graphs on / + fc — 1 vertices with some vertex of first degree /, second 
degree k, and without a loop. And this vertex is exactly the vertex 1. The probability of this 
vertex to be a vertex with first degree / and second degree k equals 

Q , H{a+l)...{a + l-2)) \ ^^( l'^^^ 



{a + 2)...{{l-l){a + l)-l)J \{a + l 

This concludes the case i = I + k — 1. 
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Hi ^ I + k - 1, then 



/,,N ^ /.rx/ l(a+l) + k — a—l\ 

EP,+i /, fc = EP, /, k (1- ^ ' + 

\ [a + lji + a J 

+Em, k - ,f\+f^-^--^ + EP.(/ - 1, fc). ^ - 2 + " 



(a + l)i + a (a + l)z + a 

Using the recurrent relation for p{l, k) and induction on i it is easy to prove that EP„(/, k) ^ 
p{l, k). This concludes the proof of Lemma El 

4.4 Proof of Theorem [3] 

We estimate the expectation of Xn{k) as follows: 

oo oo oo __ __ 

EXn{k) = Y, ^Nn{l, k)+Y, EPn(/, k) = Y, c(/, k)n+0 J] c(/, A;)(/ + k^^^ ) +0 ( ^p(/, k) 
1=1 1=1 1=1 \i=i 



T{a)k''+^ V V '^ 

a + l)r(2a + l)n / /(In A;)r"+il \ ( k^^'' 



r(a)fc"+i V \ k J \ n 
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